Design of products characterized by high stylistic content and organic shapes in the form of bas-relief (e.g. fashion accessories, commemorative plaques and coins) is traditionally performed starting from handmade drawings or photographs that are manually reproduced by highly skilled craftsmen such as sculptors and engravers and finally digitized by means of 3D scanning. Several Computer-based procedures have been devised with the aim of speeding up this process, which is considerably time consuming, subjective and costly; these are mainly based on image processing techniques such as embossing, enhancement, histogram equalization or dynamic range, also implemented in CAD-based commercial software. However, these approaches are characterized by several limitations preventing them from providing a "correct" final geometry. In view of that, the present work describes a novel method for the creation of digital bas-reliefs from a single image using a Shape From Shading (SFS) based approach with interactive initialization. Image processing-based techniques and minimization SFS methods are first used in order to retrieve a rough version of the objective surface; successively, this is used as initialization for the final reconstruction algorithm. Tested on a set of case studies, the method proved to be effective in providing satisfactory digital bas-relief from single images.
INTRODUCTION
For products characterized by high stylistic content and organic shapes (such as jewels, fashion accessories, ceramics, house-ware, plaques and coins), design process often starts from handmade drawings, photographs or images in general which are traditionally reproduced by craftsmen in the form of relief or bas-relief. Handmade bas-relief manufacture is usually carried out by highly skilled operators (e.g. sculptors and engravers). This process is highly subjective, costly, time-consuming and the obtained reliefs are hard to modify, to repair and to reproduce [29] . These drawbacks become critical when cost and time to market are a crucial issue for the manufacturer and, all the more, when several alternatives are to be considered before ultimate product definition.
In order to confront with these issues, in the last few years a number of Computer-based methods have been devised with the aim of speeding up the relief reconstruction process from single images.
The final result of these techniques usually consists of a "digital relief" to be used as input for CAM and/or RP systems.
A digital relief conveys a volumetric projection of the design shapes into the viewer's space (thus detaching itself from the two dimensional background) [15] . The methods aimed to create such a representation broadly fall into the area of computer aided 3D modeling from single images, for which different approaches have been proposed in literature [19, 22, 25] . The main issue in the retrieval of the 3D shape represented in a single image is that it results in an ill-posedness of problem; accordingly, literature works are mostly aimed to solve it under certain circumstances, often by using user interaction.
Image embossing [12] is, still today, one of the most common approaches for recovering a digital relief from single image; embossing an image is a computer graphics technique in which each pixel of an image is replaced either by a highlight or a shadow, depending on boundaries on the original image. The obtained result is a fake relief since it only visually resembles a bas-relief with a very shallow and incorrect depth (due to the algorithm based on image gradient computation).
Alternative techniques, like the one proposed by Weyrich et al. [30] and by Sun et al. [26] , just to cite a few, improved the embossing method by using preprocessing techniques based on image enhancement, histogram equalization and dynamic range.
Unsharp masking and smoothing have also been combined in order to emphasize salient features and deemphasize others in the original image [26] .
In a recent paper [18] an approach for estimating the height map from single images representing brick and stone reliefs (BSR) has been proposed. The method proved to be adequate for restoring BSR surfaces by using a height map estimation scheme consisting of two levels: the bas-relief, referring to the low frequency component of the BSR surfaces, and the high frequency detail. However, due to the assumption of BSR priors, the method proves to be unsatisfactory when the relief of surface to be retrieved increases with respect to typical BSR surfaces.
Commercial software, like ArtCAM and JDPaint [29] have been also developed making available functions for 3D bas-relief reconstruction. These software packages basically consist of CAD modelers where (heavy) user interaction is a crucial task both in the pre and in the post-processing phases. Generally speaking, the relief is generated starting from an image which is already a height map of the object (in this case the input is not a real image but, rather, a 3D surface) or by using as a height map the image resulting from derivative-based operators applied to the starting image itself (i.e. the result of image embossing). As an alternative, commercial software allow to use vector representation of the object to be reconstructed and "inflate" the surface delimited by the object outlines (this procedure will be referred to in the rest of the paper using the term inflation [13, 23] . A combination of inflation and either direct image height map or image embossing is also possible. A few examples of these techniques are presented in the section describing the case studies at the end of the paper.
Shape From Shading (SFS) techniques, extensively studied in the last decades, also have the potential of producing a 3D model from a single intensity image. SFS is a computational approach that bundles a number of techniques aimed to reconstruct the three-dimensional shape of a surface shown in a single grey-level image. Extensively reviewed by [6, 34] , SFS methods are based on the theory that the intensity of a pixel is proportional to the angle between the surface normal and the lighting direction. A particularly significant work in the field of basrelief reconstruction from single image is presented by Wu et al. in [32] . This work presents an interesting approach based on the combination of SFS and artificial intelligence techniques. The main idea is to teach a learning algorithm how to reproduce the basrelief image corresponding to a given one and then to apply a modified SFS algorithm to the new image. Though the approach looks very promising and the results are encouraging, it can be applied only to specific categories of objects which have been used for training the learning algorithm (human faces from frontal photograph in the case of the aforementioned paper).
Generally speaking, however, automatic shape retrieval using SFS techniques proves to be unsuitable for producing high-quality bas-reliefs [29] . As a consequence, recent improvement have been obtained by implementing interactive methods [4, 33] where the user is required to specify absolute surface positions or absolute surface normals as constraints. In particular [33] proposed a two-step procedure; the first step recovers high frequency details using SFS. The second step corrects low frequency errors using a user-driven editing tool.
However, this approach entails quite a considerable amount of user interaction especially in the case of complex geometries. Nevertheless, in case the amount of required user interaction can be maintained at a reasonable level, interactive SFS methods may be considered among the best candidate techniques for generating high quality bas-reliefs starting from single images.
Moving from these considerations, this work is aimed to propose a novel method for creation of digital bas-reliefs starting from single images using a SFS technique with interactive initialization.
Image processing-based techniques and minimization SFS methods are first used in order to retrieve a rough version of the objective surface; successively, this is used as initialization for the final reconstruction algorithm. Both the phases are based on GaussSeidel iteration with Successive Over Relaxation (SOR). The whole process is graphically summarized in Fig. 1. 
METHOD
With the aim of reconstructing (in the form of basrelief) the shape of a subject represented in a single image, a methodology consisting of the following 3 steps is proposed (steps 2a and 2b represent two alternatives): 3) Retrieval of final surface using the rough solutions as initialization function for the SFS main reconstruction problem.
Functional Definition
Under the hypotheses that: the surface to be reconstructed is completely diffusive (i.e. Lambertian), the albedo is constant in all the reconstruction domain, the light source is set at infinity and image is free from perspective distortion, the formulation of the problem is provided by the following, widely known, equation often referred as "SFS problem" [10] :
where
is the outward unit-length vector normal to the surface (unknown of the problem), ρ is the albedo and I is the brightness. Generally speaking, it is possible to identify four different approaches aiming at solving the above mentioned SFS problem (i.e. Eqn. 2.1): direct methods [16, 21, 24] , minimization methods [4, 5, 7, 9, 11, 14, 31, 33] , local approximation methods [17, 20] and linear approximation methods [27] . Among them, minimization methods seem to provide the right compromise between efficiency and flexibility, since they lead to quite good results also starting from noisy images or imprecise settings (e.g. guessed light direction when unknown). Minimization methods are based on the hypothesis that the expected (reconstructed) surface is the one that minimizes a suitable functional, composed by the sum of several contributions (called "constraints") and usually representing the error between the (iteratively) reconstructed surface and the expected one.
In the present work, such a functional is built according to [8] ; in detail, it is obtained as a linear combination of brightness and smoothness constraints, as follows:
where i is the pixel index, j is the index of a generic pixel belonging to the 4-neighbourhood of pixel I, I i is the brightness of pixel i (range
are the unit length vectors normal to the surface (unknown) in positions i and j, respectively and λ is a regularization factor for smoothness constraint (weight).
Since E is quadratic, it can be expressed in a matrix form as follows:
3) where k is the total number of pixels, A is a 3k × 3k matrix, b is a 3k vector and c is the constant term. In practice, vector is a re-arrangement of the surface normal map.
Moreover, since its gradient ∇(E) is linear (Eqn. 2.4), its minimization is extremely fast, and it makes preferable to use indirect minimization process instead of direct ones.
In order to conveniently minimize the functional, a number of specific boundary conditions (BCs from now on) can be imposed so as to bind the research to surfaces which satisfy certain requirements. In other words, when it is possible to figure out or, more in general, to define a priori some "features" of the shape represented in the image, suitable constraints can be set in order to guide the minimization process towards the expected surface. A number of works (see the above cited minimization methods) have been carried out in order to devise automatic or user-based methods to impose BCs. Among these methods, userguided ones proved to be the most effective, since human interaction can be discriminant in a number of ambiguous cases (e.g. to discriminate local maxima and minima). As a consequence, in the present work, a user-based procedure has been adopted for imposing BCs. The description of this procedure, extensively discussed in [8] , is beyond the scope of the present work; in fact, the main interest here is not to describe how to impose BCs but rather to use a suitable set of BCs with the aim of reconstructing a rough version of the expected surface.
The BCs taken into account in this work are the following ones: background, singular points, silhouette contour and morphology based BC [2, 8, 14] . -Background boundary condition (Fig. 2a) ; it consists of setting unit length normal vector for all the pixels belonging to the background of the scene, so that it will be perfectly horizontal once reconstructed. -Singular points boundary condition (Fig. 2b) ; it consists of setting a proper value to the unit normal for all the singular points of the image, i.e. for all the white pixels. In fact, for such pixels the only possible unit normal vector is the one coincident with L. Being the image brightness defined as the dot product between the two unit vectors N and L, brightness reaches its maximum value when such vectors are parallel. In fact, referring to z light , defined as the Z axis direction parallel to the unit vector L, white pixels necessarily match with stationary points (i.e. maxima, minima or saddle points). -Silhouette contour boundary condition (Fig. 2c) ; it consists of setting the unit normals, in correspondence of the pixels belonging to the boundary of the subject represented in the image, as outward-pointing. This particular BC is meant to facilitate the "rough" reconstruction of the overall volume of the shape, similarly to what commercial software do. -Morphology based boundary condition (Fig. 2d) ; this BC, devised by the authors, allows to discriminate if a white region of the image corresponds to maxima or minima respect to z light . Defining light as the generic plane normal to z light , if a white region of the image corresponds to a maximum or a minimum, the projection on light of the unit normals belonging to the region boundary are, respectively, outward or inward pointing. This assumption guides the minimization process to reconstruct a surface whose maxima and minima are properly discriminated (this solves one of the typical SFS problem, which is the concave-convex ambiguity).
Once the BCs are set, the number of variables is reduced and the functional to be minimized needs to be modified accordingly. The (new) reduced matrix formulation of the gradient can be defined as follows:
Where E r , A r , b r andˆ , and are the reduced versions of, respectively, E, A, b and .
In other words, two main effects are achieved: 1) reduction of the overall number of variables and 2) setting of appropriate constraints to the surface retrieval procedure. One of the main drawbacks of direct minimization is that, often, they lead to the nearest local minimum instead of the global one. This is the reason why, actually, these methods are effective only when the function to be minimized is strictly convex. Minimization algorithms usually need to be initialized: this process, in practice, consists of imposing an initial guess to the solution. Since we are dealing with variables representing unit normal components, this is usually accomplished using values which are either corresponding to planes or random. However, these kinds of initialization may lead to unreliable reconstruction due to the fact that expected solution can be considerably different from the starting one (i.e. distant in the variable domain). In fact, in minimization problems of not strictly convex functions, a smart way of solving the problem is to impose a convenient initialization to the unknowns in order to "reduce", as much as possible, the distance between the starting point and the expected solution. Hence, a remarkable issue is to understand whether, starting from a reconstructed surface that is roughly similar to the expected one, the minimization is effectively "guided" to converge to a better final solution than the one obtainable with conventional initialization. As a consequence a method for providing a better initial solution for the minimization procedure is highly advisable. Accordingly, as also stated in the introductory section, two approaches meant to obtain a suitable initial solution for the minimization procedure are provided below. -Image Processing-based Method (IPM). The input image I is modified using image processing based techniques with the aim of suppressing high-frequency details. SOR minimization method is, then, applied by imposing all the required BCs and using default settings for the smoothness constraint (e.g. λ = 10 −2 ). Also in this case, the final result consists of a very smooth surface denoted with S 0 IPM .
Actually, in both cases, the minimization process provides a normal map which needs to be further processed in order to obtain a geometrically feasible surface. This is no trivial task and is investigated by a number of researchers all over the world. For the moment, it needs to be pointed out that the normal map of a generic surface S does not always coincide with the one ( temp ) used for computing S: this is true only if temp is such that the same height is reached whatever the integration path [7] . Let us assume that S 0 SM and S 0 IPM are the surfaces which can be obtained starting from the normal maps provided by the two methods described above (further details about this step will be provided in the following section); due to the reason mentioned before, such surfaces are characterized by normal maps start SM and start IPM which are generally different from the original ones. start SM and start IPM are the normal maps used, alternatively, for initializing the Functional of Eqn. 2.1 in order to retrieve, by solving the main reconstruction problem, two final surfaces (respectively, S SM and S IPM )).
Simplified SFS Method (SM)
As previously stated, the main aim of this method is to obtain a rough version of the desired surface to be retrieved. As a consequence, it is necessary to identify the common features that such a rough surface will share with the desired one. First, the rough surface can be envisaged as a sort of "inflation" of the region bounded by silhouette contour, in fact the goal of the this work is to obtain a bas relief-like surface, emerging from a flat background. Therefore, silhouette contour BC has to be imposed.
Moreover, both the surfaces (rough and desired one) necessarily share also the same overall morphology. As a consequence, a straightforward method is to apply the morphology based BC on a convenient subset of the singular points (i.e. white pixels) of the input image. In detail, the user should select and classify (as maxima or minima) the singular points in the image more closely characterizing the global geometry. Referring to the example of Fig. 3a , the user will select and classify as a maximum the singular point marked in red since the expected rough surface is an hemisphere, even if such a point is a local minimum of the expected final surface.
Dealing with the third BC (background BC), it is always used (imposed) since, as already stated for the silhouette contour BC, a surface emerging from a flat background is sought.
Finally, the two surfaces do not necessarily share all the singular points (as in the example provided in Fig. 3) ; hence, it is not usually possible to impose the singular point BC.
Once the BCs are imposed, Eqn. 2.5 can be minimized using the SOR algorithm and a planar normal map as initialization.
The solution, consisting of a normal map temp SM , is provided using a high regularizing factor λ for smoothness constraint (e.g. λ ≥ 10 2 ).
Starting from temp SM , the surface is evaluated by minimizing (again by SOR algorithm) the following functional:
where z i and z j are respectively the heights relative to pixel i and j, while q ij is the relative height between the two points, calculated by fitting an osculating arc between the two normals N i and N j [33] .
The entire set z i of values defines a surface S 0 SM that may be considered a low-frequency version of the desired one, thus appearing very smooth.
Image Processing-Based Method (IPM)
A low-frequency version of the desired surface may be also obtained using the alternative method (IPM), under the hypothesis that the image relative to the rough shape is directly retrievable from the given one. This can be easily carried out by adopting well known digital image processing techniques. Many filters developed and commonly used for digital image processing, can be extremely useful to this purpose. Probably the best filter to cope with the necessity of reducing the high frequency content of an image is the Gaussian smoothing filter. The Gaussian filter is a k × k convolution operator whose elements reproduce a weighted average characterized by a Gaussian distribution with σ standard deviation. One of the principal justifications for using such operator is due to its frequency response: in fact it acts as a low-pass filter, thus removing high spatial frequency components from the image. k value depends on the dimensions of the image I to be processed. Let n × m be the size of the image I , k is obtained as follows:
where v is a scale factor; the greater the value of v, the smoother the resulting image. In Fig. 4 , the imagẽ I obtained by using a Gaussian filter with σ = 0.5 and
(a) (b) Once the filtered imageĨ is obtained, it is possible to solve the SFS problem using the following formulation:
whereẼ is the functional applied to the transformed imageĨ .
Differently from the previous method (SM), standard values for regularizing factor λ are set (e.g. λ = 10 −2 ). Moreover, since in this case the objective is to exactly retrieve the surface S IPM that generatesĨ , BCs can be freely set without the need of using the special attentions paid in the case of SM. Also in this case, a planar normal map is used as initialization. Minimization allows to retrieve a normal map temp IPM from which, using Eqn. 2.6, a surface S 0 IPM is defined.
Main Reconstruction Problem
Depending on the adopted method (SM or IPM), two different rough surfaces are available: S SM and S IPM . From such surfaces, it is possible to compute two normal maps 0 SM and 0 IPM . Such normal maps are used as initialization for the final surface reconstruction using Eqn. 2.5, i.e. for solving the so called main reconstruction problem. This consists of generating two new normal maps SM and IPM , again using Gauss Seidel with SOR. Finally, the two corresponding surfaces S SM and S IPM are obtained in a way totally similar to that described for SM (i.e. by minimizing Eqn. 2.6). The whole process is summarized in Fig. 5 . 
CASE STUDIES
The complete procedure described in Section 2, comprising the two methods meant to provide an appropriate initialization to the main reconstruction problem, have been tested on an extensive set of case studies. For this purpose, the procedure has been implemented using Matlab R environment. In the following sections some illustrative case studies are shown in order to highlight strengths and weaknesses of the proposed approach. Results are also compared with the ones obtained using alternative techniques.
Full 3D: Buddha Statuette
The first case study consists of a full 3D Buddha statuette under frontal illumination. As shown in Fig. 6a , the input image may be considered a mixture of several levels of spatial frequency; this can be observed, for instance, in the smooth shape of the belly (low frequency) and in the folds of the garment (high frequency). Fig. 6b and Fig. 6c represent the ground truth surface and the result obtained using traditional SFS minimization method with a planar initialization are shown [34] .
In Fig. 7 , the two initialization surfaces obtained with the proposed methods are shown. In this case, even if both the surfaces are obviously smoothed, the shape obtained using the IPM may be considered qualitatively better than the one reconstructed using the SM. The surfaces obtained at the end of the whole reconstruction process are shown in Fig. 8a and Fig. 8b . Although the shape of the belly is better defined in the surface of Fig. 8a all other details (e.g. details of the face, shape of the garment) are significantly better represented in the surface of Fig. 8b .
It needs to be pointed out that some regions are not correctly retrieved in the reconstructed surface: for instance, the statuette's base is not reproduced satisfactorily. However, as expected, a better final reconstruction than the one obtained with traditional SFS and planar initialization is obtained by initializing with an appropriate surface (i.e. with S 0 IPM ). 
Bas Reliefs: Golf Ball and Tyrannosaur
The first bas relief-like case study refers to the reconstruction of a surface resembling a golf ball, starting from its synthetic image (actually, the surface has been obtained by down-scaling along the vertical direction the 3D model of half of a golf ball). It is important to remark that, albeit the surface is regular and may appear quite simple to retrieve, actually the task is not that simple, due to the coexistence of high and low frequency geometries. In Fig. 9 the original image, its ground truth surface and the one obtained using traditional SFS minimization method with a planar initialization are shown [34] .
In Fig. 10 , the two initialization surfaces, respectively obtained using SM and IPM, are shown. The final surfaces (see Fig. 11 ) are very similar; the only (barely visible) difference is that the surface in Fig. 11c and Fig. 11d appears slightly smoother than the one in Fig. 11a and Fig. 11b , especially on the top of the shape. In both cases, the retrieved surface is better resembling the expected one than the solution depicted in Fig. 9c .
Moreover, these results are compared with the ones obtained using techniques commonly available in commercial software packages. As mentioned in the introductory section, these techniques consist in generating the relief by directly using as a height map: In Fig. 12 the results obtained using such methods are shown; a visual comparison can easily demonstrate that the surfaces obtained by the proposed method are closer to the ground truth.
An additional case study i.e. the image of a basrelief representing a tyrannosaur (Fig. 13) , has been considered in order to assess the effectiveness of the proposed procedure. Since IPM proved to outperform SM, only results obtained by IPM are shown in the rest of the discussion. Moreover Methods 1 and 2 (see above) are not considered anymore due to their manifest inability to produce satisfactory results. Such a case is quite complex and characterized by a relatively high dimension and, consequently, a large number of unknowns (> 10 6 ). The final retrieved surface (Fig. 13c) looks very similar to the ground truth (Fig. 13b) but, as can be observed in Fig. 14 , the same could be said with reference Since the ground truth is available for this case study, a color map of the absolute distance between the analyzed surface and the ground truth (Fig. 14) has been produced in order to highlight the existing differences. The analysis of Fig. 14 clearly points out that the proposed method significantly outperforms Method 3 and Method 4.
CONCLUSIONS AND FUTURE WORK
This work proposes a novel method for accurate reconstruction of digital bas-relief from single image using a new SFS-based technique with interactive initialization. The described approach is meant to speed up and increase the accuracy of the design phase of products characterized by stylistic content and organic shapes such the ones employed, for instance, for fashion accessories.
The reconstruction is performed first by interactively setting a number of user selected boundary conditions; then, by applying two alternative approaches, devised in order to retrieve a surface representing a rough version of the desired final shape. Such surfaces are finally used as initialization for a SFS-based reconstruction algorithm based on Gauss-Seidel iteration with Successive Over Relaxation. Though a number of solutions can be found both in scientific literature and in commercial software packages, a number of limitations still persist mainly due to the necessity of excessive user interaction and/or to the fact that the final surface only visually resembles the desired one.
In the proposed method only a limited user interaction is needed in order to allow the retrieval of more accurate surfaces. The method, developed using Matlab R programming environment, was tested against a series of case studies and proved to be effective in providing digital bas-reliefs whose shapes satisfactorily reproduces the original (or expected) ones.
The main limitation of the proposed procedure lies in the possibility of running into an over-smoothing effect (see Fig. 11 and Fig. 13 ). In order to achieve less smoothed surfaces, however, it is not recommended to reduce the regularization factor λ for smoothness constraint; in fact, excessively low values of this factor may produce surfaces very far from the expected ones. This problem can be partially mitigated (at least from a visual point of view) by using a combination of the proposed procedure with either direct image height map or image embossing.
In Fig. 15 the surface obtained with the proposed method and the one obtained by combining it with the original image treated as a height map are shown. Future work will be addressed to increase the number of test cases, with particular regard to real world and noisy images; this will allow to point out possible issues and to consider appropriate improvements. For instance, though in the scientific literature it is one of the most widely used due to its simplicity and speed, Gauss-Seidel based minimization method is probably not the best option for solving linear, constrained optimization problems. In fact, this technique is typically usable for unconstrained problems. Accordingly, future work will be devoted to investigate the performance of alternative minimization algorithms, such as Interior Point one.
Furthermore, the possibility of incorporating feature recognition, in order to speed up the reconstruction of primitives (if any) represented in images will be investigated.
Finally, additional exploitation of obtained results will also be possible in the field of reconstruction of 3D models for tactile exploration starting from single images. In particular, the bas-relief like surfaces obtained using the described technique could be superimposed to a starting flat-layered 3D model representing the scene structure [3, 28] .
